Finite-time thermodynamics of a unitary Fermi gas in a time-dependent anisotropic trap
The Hamiltonian of a unitary Fermi gas confined in a 3D anisotropic harmonic trap with a time-dependent frequency is given by.
where ω j (j = x, y, z) is the corresponding trapping frequency along the j-axis. The shortrange pair-wise interaction potential becomes a homogeneous function of degree −2 in the section S1. .
unitary limit, satisfying
In what follows, it is convenient to rewrite the total HamiltonianĤ(t) as the sum 
For an exact treatment of the finite-time thermodynamics, we compute the nonadiabatic evolution of the mean work. To this end, we note that
We introduce the collective coordinate operatorŝ 
For an equilibrium state, we use Hellman-Feyman theorem and the scaling property of the Hamiltonian to find
The expectation value of Eq. (S8) can thus be written as
For a 3D unitary Fermi gas, the scaling factors are coupled via the evolution equations
where the volume scaling factor is given by Γ(t) = j b j (t).
Combining (S15) and (S14), we rewrite the rate of change of the expectation value ofĤ 0 as
As for the variation of the expectation value of the trapping potential term, it simply reads
The exact expression for the nonadiabatic mean energy directly follows from integrating the differential equation
with the boundary condition Ĥ (t = 0) = Ĥ (0) and reads
which is the central result of this section, from which all finite-time thermodynamics can be derived.
In the adiabatic limit under slow driving, the scaling factors remain coupled and fulfill
Therefore, the instantaneous adiabatic mean energy reads
The ratio between the nonadiabatic and adiabatic mean energies plays a crucial role in finitetime thermodynamics and is known as the the nonadiabatic factor (35, 36)
that quantifies quantum friction. For a unitary Fermi gas, the nonadiabatic factor and mean work read
Local counterdiabatic control of the finite-time thermodynamics of a unitary Fermi gas An arbitrary modulation in time of the trapping potential generally induces a nonadiabatic evolution. We aim at tailoring excitations to control the finite-time thermodynamics of the system. This goal is at reach using techniques known as shortcuts to adiabaticity. Specifically, the counterdiabatic driving technique (19, 20) can be exploited in combination with dynamical scaling laws to control the nonadiabatic dynamics of many-body quantum systems as discussed in (31, 32). section S2.
Our approach to achieve superadiabatic control relies on first designing a desirable reference trajectory by specifying the modulation of the parameters of the Hamiltonian, i.e., ω j (t).
Subsequently, we consider an alternative protocol with frequencies ω j (t) → Ω j (t) that lead to the same final state than the adiabatic evolution corresponding to ω j (t). The modified protocol with trap frequencies Ω j (t) can be found for an arbitrary value t f of the duration of the stroke, provided that Ω j (t) can be implemented.
To design the reference evolution of the cloud, let {ω j,0 |j = x, y, z} denote the frequencies of the anisotropic harmonic trap at t = 0. Similarly, let {b j,f |j = x, y, z} denote the target scaling factors upon completion of an expansion or compression stroke of duration t f . Imposing the following boundary conditions
we determine a possible choice for the time-dependent scaling factors via the polynomial ansatze
Consistently, the reference expansion factor is set by the adiabatic consistency equations
where the geometric mean frequency equals
The above equations describe the evolution of the scaling factors in the adiabatic limit under slow driving. Nonetheless, they describe as well the exact nonadiabatic dynamics under a modified driving protocol with a different time-dependence of the trapping frequencies, i.e.,
, where the explicit form of Ω j (t) is to be determined. This approach, generally referred to as local counterdiabatic driving (LCD), has been discussed for the singleparticle time-dependent harmonic oscillator and many-body quantum systems in one spatial dimension and under isotropic confinement in higher dimensions (31, 32). For a unitary Fermi gas in a 3D anisotropic trap, the requiring driving frequencies are given by
where b j (t) are given by Eqs. (S30). The explicit expression for Ω 2 j (t) reads
which includes counterdiabatic corrections arising from ω j , the geometric mean ν, and their coupling. The nonadiabatic factor for a unitary Fermi gas under local counterdidabatic driving reads
When the scaling factors are isotropic so that b j (t) = b(t), the axis subindex j can be dropped out, the volume scaling factor simplifies to
and
in agreement with (31, 32) . Similarly, in the isotropic case the nonadiabatic factor reduces to
which agrees for the result in one-dimensional harmonically trapped systems (17, 18). Note that while for nonadiabatic processes Q * (t) is expected to exceed unity, values of Q * (t) < 1 can be reached wheneverω <ω 2 /ω.
Experiment methods
The experimental setup is similar to that described in our previous work (28, 29). We realize a large atom-number magneto-optical trap (MOT) by employing a laser system of 2.5-watts laser output with Raman fiber amplifier and intracavity frequency-doubler. When the MOT loading and cooling stage are finished, an optical pumping process is performed and a balanced mixture of atoms in the two lowest hyperfine states, | ↑ ≡ |F = 1/2, M F = −1/2 and
section S3.
After the MOT stage, the atoms are first loaded into an optical dipole trap formed by a single beam. A forced evaporation is performed to cool atoms to quantum degeneracy in an external magnetic field at 832 G. Two seconds later a specially designed optical crossed dipole trap is switched on and nearly 10 5 atoms are transferred to this trap. Further forced evaporation is implemented by slightly reducing the power of the two orthogonal beams. In this way, the system is initially prepared in a stationary state with a dimensionless temperature T /T F ≈ 0.25, where T F is the Fermi temperature. Subsequently, we start the STA experiment based on LCD, schematically described in ig. S1B. After the evolved time t exp , the beams of the crossed dipole trap are switched off and an absorption image is taken with the time of flight.
f The specially-designed optical dipole trap, which consists of two orthogonal far-off resonance laser beams, provides a flexible control of the trap frequencies, as is shown in ig. S1A. cially designed optical crossed-dipole trap is formed by two orthogonal far-off resonance laser beams, providing a highly controllable trap frequency. M1-M4, Mirrors; L1-L2, cylindrical lenes; L3-L4, achromatic lenses; AOM, acousto-optic modulator; tof, time-of-flight.
fig. S1. Schematic of the experimental setup (A) and the experimental procedure (B). A spe-
The first beam propagates along the z-axis, i.e., the horizontal direction. The beam is focused by a pair of cylindrical lens, which cause the more tight confinement in the x direction. The Gaussian waists are 42 µm along the x-axis and about 1200 µm in the y direction. The second beam, perpendicular to the first one, propagates along the x direction, i.e. the vertical beam.
The beam has a nearly perfect Gaussian profile, with a waist of ≈ 68 µm, which provides both strong confinement in the y and z directions. Therefore, the frequency in the x direction mostly depends on the power of the horizontal beam while the vertical beam determines the frequencies both in the y and z directions. The frequency aspect ratio of the trap can be simply controlled by precisely adjusting the power ratio of the two beams.
The dynamics of the system is investigated by measuring the radius of the atomic cloud. At different stages of the superadiabatic stroke, an absorption image is taken after releasing the section S4 . To analyze the measurements we use the equations of motion for the scaling factors of a unitary Fermi gas, Eq. (S15) During the local counterdiabatic driving of the system, the timedependent frequencies are given by
Here t 0 is the time when we start the STA process, t = t 0 + t exp is the time at which we turn off the trap, and t tof is the duration of the time-of-flight expansion for imaging of the cloud. Using fig. S2 . Determination of the cloud size obtained from the Gaussian fit of the density equations (S15) and (S40), we can numerically calculate the expansion factors at any time t using the boundary conditions b j (t 0 ) = 1 andḃ j (t 0 ) = 0 for all j = x, y, z. In ig. S2, we show σ z and σ z obs of the unitary Fermi gas for a time-of-flight t tof = 600µs.
A quantum Otto cycle consists of a sequence of four strokes, with isentropic and isochoric strokes alternating with each other (17, 38). We focus on the implementation of the isentropic expansion and the compression strokes during which the dynamics is unitary. Utilizing STA based on LCD driving, we implement the superadiabatic variants of the expansion and compression strokes with a 3D unitary Fermi gas as a working medium. Experimentally, we consider two different trap configurations, associated with the end points of the expansion and compression stages. The corresponding trap frequencies are
The energies of the corresponding quantum states Φ 1 and Φ 2 , are denoted by H 1 and H 2 , respectively. The expansion stroke is performed from state Φ 1 to state Φ 2 and the compression stroke is manipulated by reversing the expansion procedure. The frequencies of the two strokes have the following relations
where Ω j,exp and Ω j,comp are the frequencies for the expansion and compression strokes, respectively.
section S Expansion and compression stroke . 5 f Along the expansion stroke, the aspect ratio is initially fixed to be 8 and finally reaches the value 2 at time t f . The reverse processes associated with the compression stroke thus changes the trap frequency aspect ratio from 2 to 8.
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for the expansion and compression strokes. (A) Q * (t) for STA with LCD driving. (B) Q * (t) for the reference driving. For both (A) and (B), blue dots and black dots represent measurement data for the expansion and compression strokes, respectively, while the red line and green line are the corresponding theoretical predictions. Error bars represent the standard deviation of the measurement statistics.
The measured results for the nonadiabatic factor Q * (t) are shown in ig. S3. The nonadiabatic factor of both the expansion and compression strokes for LCD driving go back to 1 at the time t = t f , showing that there are frictionless, i.e., satisfying Q * (t f ) = 1. By contrast, the reference driving exhibits friction with values of Q * (t f ) greater than unity. Therefore, we demonstrate that a STA protocol by LCD driving of a unitary Fermi gas is not only suitable for an expansion stroke, but also for its superadiabatic compression in finite time. Based on this fast driving scheme, one can induce frictionless control so as to transfer strongly interacting fluids between thermal equilibrium states.
Note that while in a STA energy excitations are transient and they vanish upon completion of the stroke, there are large energy excitations for the compression stroke of the nonadiabatic reference driving process in the final state t = t f . The shear viscosity can not be neglected at the high energy of unitary Fermi gas (39, 40) and we take it into consideration for the theoretical fig. S3 . The evolution of the nonadiabatic factor Q * (t) f calculations of the reference driving of the compression stroke in fig. S3 .
The mean work for the LCD driving is determined by the geometric frequency according to equation (S5). The theoretical mean work is therefore
where H(0) 1 and H(0) 2 are the equilibrium mean energies of the states Φ 1 and Φ 2 , respectively. Given that the adiabaticity condition is fulfilled upon completion of the adiabatic and superadiabatic strokes, one finds that
To characterize the evolution of the mean work, we define the dimensionless factor κ as Figure S4 shows the evolution of κ for both the expansion and compression strokes. The energy of the evolving state in the expansion process decreases and is below its initial value, therefore κ acquires negative values. However, the energy in the compression process is increased and κ is positive. Upon completion of the stroke, the mean work for the reference driving is always larger than the one for the corresponding LCD driving, indicating that an excess energy is added for nonadiabatic driving over the adiabatic value. This excess of energy results from the existence of friction for the reference driving. In a thermodynamic cycle, friction in the strongly interacting quantum fluids would generate excess excitations, reducing the efficiency of the output power for the heating engine.
In the following, we consider the adiabatic "slow" driving case, where the quantum states are stationary at any time and can be reversed. The mean work for the expansion and compression Expansiontime t exp (μs) κ κ = W (t) / H(0) for both the expansion stroke and compression stroke. Blue and red dots represent measured data for the expansion stroke while black and green dots are measured results for the compression stroke. Solid lines correspond to the theoretical predictions of the LCD and reference protocols. Error bars represent the standard deviation of the statistics. strokes can be written as 
Combining Eq. (S50) and Eq. (S51), we find
Here we define another dimensionless factorκ = ( W exp (t) − W comp (t f −t) )/ H(0) 1 −1, which denotes the deviation from the adiabatic evolution. The factorκ should be zero at any time for the real adiabatic process. The measured results are presented in ig. S5. It shows that κ for LCD driving is close to zero, indicating the counter-adiabatic following of the adiabatic trajectory. By contrast, for the reference driving deviations from zero value are clearly observed. fig. S4 . Mean work f for both the expansion and compression strokes,κ = ( W exp (t) − W comp (t f − t) )/ H(0) 1 − 1. Black and blue dots correspond to the measured data for LCD and reference driving, respectively. The red dashed line represents κ = 0. Error bars represent the standard deviation of the statistics. fig. S5 . Time evolution of the dimensionless factorκ
